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Abstract
We present a binary code for spinors and Clifford multiplication using non-negative integers and their binary
expressions, which can be easily implemented in computer programs for explicit calculations. As applications, we
present explicit descriptions of the triality automorphism of Spin(8), explicit representations of the Lie algebras
spin(8), spin(7) and g2, etc.
1 Introduction
Spinors were first discovered by Cartan in 1913 [5], and have been of great relevance in Mathematics and Physics
ever since. In this note, we introduce a binary code for spinors via non-negative integers (and/or their binary
decompositions) which is very useful for computer calculations. This encoding is carried out by putting in cor-
respondence the elements a suitable basis of spinors with nonnegative integers via their binary decompositions.
In particular, Clifford multiplication becomes a matter of flipping bits in binary expressions and keeping track of
powers of
√−1. In order to show its usefulness, we develop very explicit descriptions of the triality automorphism
of Spin(8) (avoiding the octonions), the relationship between Clifford multiplication and the multiplication table of
the octonions and the construction of linearly independent vector fields on spheres. The computer implementation
of this code has also allowed us to carry out other calculations in high dimensions which, otherwise, would have
been impossible. Note that, although we only deal with the case of Clifford algebras and spinors defined by positive
definite quadratic forms, the binary code can also be used in the case of semi-definite quadratic forms.
The paper is organized as follows. In Section 2, we recall standard facts about Clifford algebras, the Spin Lie
groups and algebras, the spinor representations and an ordered spinor basis made up of weight vectors. In Section
3, we introduce the correspondence between these basic spinors and nonnegative integers, as well as the functions
that encode the Clifford multiplication. In Section 4, we present some applications such as triality in dimension
8, the relationship between Clifford multiplication and the multiplication table of the octonions and, finally, the
construction of linearly independent vector fields on spheres.
2 Preliminaries
The details of the facts mentioned in this section can be found in [3, 6].
∗Department of Actuarial Sciences, Physics and Mathematics, UDLAP, San Andre´s Cholula, Puebla, Mexico. E-mail: ger-
ardo.arizmendi@udlap.mx
†Partially supported by a CONACyT grant
‡Centro de Investigacio´n en Matema`ticas, A. P. 402, 36000 Guanajuato, Guanajuato, Mexico. E-mail: rherrera@cimat.mx
§Partially supported by a CONACyT grant
1
2.1 Clifford algebra, spinors, Clifford multiplication and the Spin group
Let Cln denote the Clifford algebra generated by all the products of the canonical vectors e1, e2, . . . , en ∈ Rn subject
to the relations
ejek + ekej = −
〈
ej, ek
〉
, for j 6= k
ejej = −1
where
〈
,
〉
denotes the standard inner product in Rn, and Cl0n the even Clifford subalgebra determined as the fixed
point of the involution of Cln induced by −IdRn . Let
Cln = Cln ⊗R C, and Cl0n = Cl0n ⊗R C
be the complexfications of Cln and Cl
0
n. It is well known that
Cln ∼=
{
End(C2
k
), if n = 2k
End(C2
k
)⊕ End(C2k), if n = 2k + 1 ,
where
C
2k = C2 ⊗ . . .⊗ C2︸ ︷︷ ︸
k times
the tensor product of k = [n2 ] copies of C
2. Let us denote this space as
∆n = C
2k ,
which is called the space of spinors. Consider the linear map
κ : Cln −→ End(C2
k
),
which is the aforementioned isomorphism for n even, and the projection onto the first summand for n odd.
The Spin group Spin(n) ⊂ Cln is the subset
Spin(n) = {x1x2 · · ·x2l−1x2l | xj ∈ Rn, |xj | = 1, l ∈ N},
endowed with the product of the Clifford algebra. It is a Lie group and its Lie algebra is
spin(n) = span{eiej | 1 ≤ i < j ≤ n}.
Recall that the Spin group Spin(n) is the universal double cover of SO(n), n ≥ 3. For n = 2 we consider Spin(2)
to be the connected double cover of SO(2). The covering map will be denoted by
λn : Spin(n)→ SO(n),
where an element x1x2 · · ·x2l−1x2l ∈ Spin(n) is mapped to the orthogonal transformation
λn : R
n −→ Rn
y 7→ x1x2 · · ·x2l−1x2l · y · x2lx2l−1 · · ·x2x1.
Its differential is given by
λn∗(eiej) = 2Eij ,
where Eij = e
∗
i ⊗ ej − e∗j ⊗ ei is the standard basis of the skew-symmetric matrices and e∗ denotes the metric dual
of the vector e. We will also denote by λn the induced representation on
∧∗
Rn.
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The restriction of κ to Spin(n) defines the Lie group representation
κn : Spin(n) −→ GL(∆n),
which is special unitary. We have the corresponding Lie algebra representation
κn∗ : spin(n) −→ gl(∆n),
which is, in fact, the restriction of the linear map κ : Cln −→ End(∆n) to spin(n) ⊂ Cln. Note that SO(1) = {1},
Spin(1) = {±1}, and ∆1 = C the trivial 1-dimensional representation.
The Clifford multiplication is defined by
µn : R
n ⊗∆n −→ ∆n
x⊗ ψ 7→ µn(x⊗ ψ) = x · ψ := κ(x)(ψ).
It is skew-symmetric with respect to the Hermitian product
〈x · ψ1, ψ2〉 = −〈ψ1, x · ψ2〉 ,
is Spin(n)-equivariant and can be extended to a Spin(n)-equivariant map
µn :
∧∗
(Rn)⊗∆n −→ ∆n
ω ⊗ ψ 7→ ω · ψ.
Let
voln := e1e2 · · · en.
When n is even, we define the following involution
∆n −→ ∆n
ψ 7→ (−i)n2 voln · ψ.
The ±1 eigenspaces of this involution are denoted by ∆±n and called positive and negative spinors respectively.
These spaces have equal dimension and are irreducible representations of Spin(n)
κ±n : Spin(n) −→ Aut(∆±n ).
Note that our definition differs from the one given in [6] by a factor (−1)n2 .
There exist either real or quaternionic structures on the spin representations. A quaternionic structure α on C2
is given by
α
(
z1
z2
)
=
( −z2
z1
)
,
and a real structure β on C2 is given by
β
(
z1
z2
)
=
(
z1
z2
)
.
Note that these structures satisfy
〈α(v), w〉 = 〈v, α(w)〉, 〈α(v), α(w)〉 = 〈v, w〉,
〈β(v), w〉 = 〈v, β(w)〉, 〈β(v), β(w)〉 = 〈v, w〉,
with respect to the standard hermitian product in C2, where v, w ∈ C2. The real and quaternionic structures γn
on ∆n = (C
2)⊗[n/2] are built as follows
γn = (α⊗ β)⊗2k if n = 8k, 8k + 1 (real),
γn = (α⊗ β)⊗2k ⊗ α if n = 8k + 2, 8k + 3 (quaternionic),
γn = (α⊗ β)⊗2k+1 if n = 8k + 4, 8k + 5 (quaternionic),
γn = (α⊗ β)⊗2k+1 ⊗ α if n = 8k + 6, 8k + 7 (real).
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which also satisfy
〈γn(v), w〉 = 〈v, γn(w)〉, 〈γn(v), γn(w)〉 = 〈v, w〉,
where v, w ∈ ∆n. This means
〈v + γn(v), w + γn(w)〉 ∈ R.
Now, we summarize some results about real representations of Cl0r in the next table (cf. [9]). Here dr denotes
the dimension of an irreducible representation of Cl0r and vr the number of distinct irreducible representations.
r (mod 8) Cl0r dr vr
1 R(dr) 2
⌊ r2 ⌋ 1
2 C(dr/2) 2
r
2 1
3 H(dr/4) 2
⌊ r2 ⌋+1 1
4 H(dr/4)⊕H(dr/4) 2 r2 2
5 H(dr/4) 2
⌊ r2 ⌋+1 1
6 C(dr/2) 2
r
2 1
7 R(dr) 2
⌊ r2 ⌋ 1
8 R(dr)⊕ R(dr) 2 r2−1 2
Table 1
Let ∆˜r denote the real irreducible representation of Cl
0
r for r 6≡ 0 (mod 4) and ∆˜±r denote the real irreducible
representations for r ≡ 0 (mod 4). Note that the representations are complex for r ≡ 2, 6 (mod 8) and quaternionic
for r ≡ 3, 4, 5 (mod 8).
2.2 A special basis of spinors and an explicit description of κ
The vectors
u+1 =
1√
2
(1,−i) and u−1 = 1√
2
(1, i),
form a unitary basis of C2. Consequently, the vectors
{u(ε1,...,εk) = uε1 ⊗ . . .⊗ uεk | εj = ±1, j = 1, . . . , k}, (1)
form a unitary basis of ∆n = (C
2)⊗[n/2]. In order to give an explicit description of the map κ, consider the following
matrices with complex entries
Id =
(
1 0
0 1
)
, g1 =
(
i 0
0 −i
)
, g2 =
(
0 i
i 0
)
, T =
(
0 −i
i 0
)
.
Note that
g1(u±1) = iu∓1, g2(u±1) = ±u∓1, T (u±1) = ∓u±1.
In general, the generators e1, . . . , en of the Clifford algebra are mapped under κ to the following linear transforma-
tions of ∆n:
e1 7→ Id⊗ Id⊗ . . .⊗ Id⊗ Id⊗ g1,
e2 7→ Id⊗ Id⊗ . . .⊗ Id⊗ Id⊗ g2,
e3 7→ Id⊗ Id⊗ . . .⊗ Id⊗ g1 ⊗ T,
e4 7→ Id⊗ Id⊗ . . .⊗ Id⊗ g2 ⊗ T, (2)
... . . .
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e2k−1 7→ g1 ⊗ T ⊗ . . .⊗ T ⊗ T ⊗ T,
e2k 7→ g2 ⊗ T ⊗ . . .⊗ T ⊗ T ⊗ T,
and the last generator
e2k+1 7→ i T ⊗ T ⊗ . . .⊗ T ⊗ T ⊗ T
if n = 2k + 1. Thus, if 1 ≤ j ≤ k,
e2j−1uε1,...,εk = i(−1)j−1

 k∏
α=k−j+2
εα

uε1,...,(−εk−j+1),...,εk
e2juε1,...,εk = (−1)j−1

 k∏
α=k−j+1
εα

 uε1,...,(−εk−j+1),...,εk
and
e2k+1uε1,...,εk = i(−1)k
(
k∏
α=1
εα
)
uε1,...,εk
if n = 2k + 1 is odd. Also, the real and quaternionic structures on C2 look as follows
α(uε) = −εiu−ε
β(uε) = u−ε,
and, on the basis vectors of ∆n,
(α⊗ β)⊗k(u(ε1,...,ε2k)) = (−i)k
(
k∏
s=1
ε2s−1
)
u(−ε1,...,−ε2k)
[
(α⊗ β)⊗k ⊗ α] (u(ε1,...,ε2k+1)) = (−i)k+1
(
k+1∏
s=1
ε2s−1
)
u(−ε1,...,−ε2k+1)
Remark. From these expressions, we can see that Clifford multiplication by basic vectors amounts to flipping
a sign and keeping track of a power of i =
√−1.
Remark. We became aware of the use of this type of unitary bases in [3], and carried out many calculations
using them in several dimensions. In spite of their usefulness, they are difficult to handle in computer programs since
they lead to large matrices. We realized that we could encode spinors and Clifford multiplication using a binary
code which we present in Section 3. The binary code has allowed us to perform calculations in which dimensions
which otherwise would have been impossible.
Example. Let us consider n = 6. Using the ordered spinor basis
{u(1,1,1), u(1,1,−1), u(1,−1,1), u(1,−1,−1), u(−1,1,1), u(−1,1,−1), u(−1,−1,1), u(−1,−1,−1)}
we have the following matrices
κ6(e1) =


0 i
i 0
0 i
i 0
0 i
i 0
0 i
i 0


,
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κ6(e2) =


0 −1
1 0
0 −1
1 0
0 −1
1 0
0 −1
1 0


.
2.2.1 Maximal torus of Spin(n) and weight vectors of ∆n
A maximal torus of the group Spin(n) is given by

[n/2]∏
i=1
(cos(θi) + sin(θi)e2i−1e2i) ∈ Spin(n) : θi ∈ [0, 2pi], i = 1, . . . , [n/2]

 .
In order to visualize the transformations that this elements give under κn and λn, let n = 6 and consider the
element e1e2 ∈ Spin(6). In terms of (1) and (2)
κ6(e1e2) =


i
−i
i
−i
i
−i
i
−i


,
On the other hand, e1e2 acts on y ∈ R6 as follows
e1e2(y1e1 + y2e2 + y3e3 + y4e4 + y5e5 + y6e6)e2e1 = e1(y1e1 − y2e2 + y3e3 + y4e4 + y5e5 + y6e6)e1
= −y1e1 − y2e2 + y3e3 + y4e4 + y5e5 + y6e6,
i.e.
λ6(e1e2) =


−1
−1
1
1
1
1


Now, consider the element
cos(θ) + sin(θ)e1e2 = (cos(θ)e1 + sin(θ)e2)(−e1) ∈ Spin(6).
On the one hand,
κ6(cos(θ) + sin(θ)e1e2) = cos(θ)


1
1
1
1
1
1
1
1


+ sin(θ)


i
−i
i
−i
i
−i
i
−i


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=

eiθ
e−iθ
eiθ
e−iθ
eiθ
e−iθ
eiθ
e−iθ


,
and, on the other,
(cos(θ)e1 + sin(θ)e2)(−e1)y(−e1)(cos(θ)e1 + sin(θ)e2)
induces the transformation on R6 

cos(2θ) − sin(2θ)
sin(2θ) cos(2θ)
1
1
1
1

 .
Clearly, the two transformations κ6(cos(θ)+ sin(θ)e1e2) and λ6(cos(θ)+ sin(θ)e1e2) are different. Setting θ = ϕ1/2,
we see the familiar coefficients ±1/2 of the Spin representation

e
iϕ1
2
e−
iϕ1
2
e
iϕ1
2
e−
iϕ1
2
e
iϕ1
2
e−
iϕ1
2
e
iϕ1
2
e−
iϕ1
2


,


cos(ϕ1) − sin(ϕ1)
sin(ϕ1) cos(ϕ1)
1
1
1
1

 .
Similarly, cos(ϕ2/2) + sin(ϕ2/2)e3e4 induces

e
iϕ2
2
e
iϕ2
2
e−
iϕ2
2
e−
iϕ2
2
e
iϕ2
2
e
iϕ2
2
e−
iϕ2
2
e−
iϕ2
2


,


1
1
cos(ϕ2) − sin(ϕ2)
sin(ϕ2) cos(ϕ2)
1
1


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and cos(ϕ3/2) + sin(ϕ3/2)e5e6 induces

e
iϕ3
2
e
iϕ3
2
e
iϕ3
2
e
iϕ3
2
e−
iϕ3
2
e−
iϕ3
2
e−
iϕ3
2
e−
iϕ3
2


,


1
1
1
1
cos(ϕ3) − sin(ϕ3)
sin(ϕ3) cos(ϕ3)


A general element of the standard maximal torus of Spin(6)(
cos
(ϕ1
2
)
+ sin
(ϕ1
2
)
e1e2
)(
cos
(ϕ2
2
)
+ sin
(ϕ2
2
)
e3e4
)(
cos
(ϕ3
2
)
+ sin
(ϕ3
2
)
e5e6
)
has the following matrix representations

e
i(ϕ1+ϕ2+ϕ3)
2
e
i(−ϕ1+ϕ2+ϕ3)
2
e
i(ϕ1−ϕ2+ϕ3)
2
e
i(−ϕ1−ϕ2+ϕ3)
2
e
i(ϕ1+ϕ2−ϕ3)
2
e
i(−ϕ1+ϕ2−ϕ3)
2
e
i(ϕ1−ϕ2−ϕ3)
2
e
i(−ϕ1−ϕ2−ϕ3)
2


,


cos(ϕ1) − sin(ϕ1)
sin(ϕ1) cos(ϕ1)
cos(ϕ2) − sin(ϕ2)
sin(ϕ2) cos(ϕ2)
cos(ϕ3) − sin(ϕ3)
sin(ϕ3) cos(ϕ3)

 .
This formula clearly shows that the basis given in (1) is made up of weight vectors of the spin representation ∆6.
In general we have
[n/2]∏
i=1
(
cos
(ϕi
2
)
+ sin
(ϕi
2
)
e2i−1e2i
)
· u(ε1,...,εk) = e
i(ε1ϕ1+···+εkϕk)
2 u(ε1,...,εk).
3 Binary code
Given the description in the previous section, we see that the calculation of ejuε1,...,εk , where k = [n/2], depends
on j, the k-tuple (ε1, . . . , εk) and (possibly on) n. By noticing that
+1 = (−1)0 and − 1 = (−1)1,
we see that for ε = ±1,
ε = (−1) 1−ε2 .
Thus, we can change the k-tuple (ε1, . . . , εk) by the k-tuple [
1−ε1
2 , . . . ,
1−εk
2 ] whose entries belong to {0, 1}. Notice
that these arrays correspond to the binary expressions of non-negative integers. For instance, for n = 6,
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(ε1, ε2, ε3) [
1−ε1
2 ,
1−ε2
2 ,
1−ε3
2 ] Integer
(1,1,1) [0, 0, 0] 0
(1,1,-1) [0, 0, 1] 1
(1,-1,1) [0, 1, 0] 2
(1,-1,-1) [0, 1, 1] 3
(-1,1,1) [1, 0, 0] 4
(-1,1,-1) [1, 0, 1] 5
(-1,-1,1) [1, 1, 0] 6
(-1,-1,-1) [1, 1, 1] 7
Thus, the aforementioned binary code of spinors is given by the correspondence
(ε1, ..., εk)←→ 1− εk
2
(20) +
1− εk−1
2
(21) + . . .+
1− ε2
2
(2k−2) +
1− ε1
2
(2k−1).
3.1 Clifford multiplication
The Clifford multiplication of a standard basis vectors ep with a spinors ua, where a ∈ {0, 1, 2, . . . , 2n − 1} now
looks as follows
e2j−1ua = i(−1)j−1(−1)
∑j−2
l=0 [a/2
l]−2[a/2l+1]ua+(−1)[a/2j−1]−2[a/2j ]2j−1
e2jua = (−1)j−1(−1)
∑j−1
l=0 [a/2
l]−2[a/2l+1]ua+(−1)[a/2j−1]−2[a/2j ]2j−1 ,
that can be summarized in one formula, for 1 ≤ p ≤ n, j := [p+12 ],
epua = (−1)2j−p/2−1+
∑j−2
l=0 al+aj−1(−2j+p+1)ua+(−1)aj−12j−1 (3)
where al =
[
a
2l
]− 2 [ a
2l+1
]
. Furthermore, if n is odd, k = [n2 ],
e2k+1ua = i(−1)k+
∑k−1
l=0 alua. (4)
Remark. This approach has an important advantage: the integer encoding of Clifford multiplication in (3)
does not depend on the dimension n for all p < n. For example, we will always have
e5u10 = iu15
for all n ≥ 6. Furthermore, (3) does not depend at all on n when n is even. As a consequence, one can use (3)
without ever specifying the dimension. This allows us to make general assertions and perform computations in
large dimensions without the use of enormous matrices (recall that the dimension of the Spin(n) representations
increases exponentially with n). In this way, formula (3) is somewhat universal.
3.1.1 Example: the isomorphism between ∆2k−1 and ∆
+
2k
The space of positive spinors ∆+2k is generated by the elements uε1···εk such that
k∏
l=1
εl = 1.
In the binary code this corresponds to the nonnegative integers whose binary expansion has an even number of bits
al =
[
a
2l
]− 2 [ a
2l+1
]
equal to 1.
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Now, the isomorphism
f : ∆2k−1 = span{ua ∈ Z|0 ≤ a ≤ 2k−1 − 1} −→ ∆+2k = span
{
ub ∈ Z|0 ≤ b ≤ 2k − 1,
k−1∑
l=0
bl ≡ 0 (mod 2)
}
,
as representations of the Lie algebra spin(2k − 1), is given by
f(ua) = u
a+
(
1+(−1)1+
∑
al
2
)
2k
.
In order to check that the complex linear extension of f is spin(2k − 1) equivariant, let 0 ≤ a ≤ 2k−1, 1 ≤ p ≤ q ≤
2k − 1. We must verify
f(epeq(ua)) = epeq(f(ua)). (5)
Note that the subindices of ua and f(ua) have the same binary expression up to the digit corresponding to 2
k−1
so that for 1 ≤ p < q ≤ 2k − 2 the identity (5) is fulfilled. The only cases we have to check are 1 ≤ p ≤ 2k − 2 and
q = 2k − 1. On the one hand
e2k−1ua = i(−1)k−1(−1)
∑k−2
l=0 alua
when ua is considered as a spinor in ∆2k−1 and
e2k−1ua = i(−1)k−1(−1)
∑k−2
l=0 alua+(−1)ak−12k−1
when ua is considered as a spinor in ∆
+
2k.
On the other hand, in ∆2k−1
epe2k−1ua = i(−1)k−1(−1)
∑k−2
l=0 al(−1)2j−p/2−1(−1)
∑j−2
l=0 al(−1)aj−1(−2j+p+1)ua+(−1)aj−12j−1 .
Remark. One can even avoid the use of (4) when n is odd and p = n by using the isomorphism between
∆2k−1 = ∆
+
2k.
4 Applications
In this long section, we present three applications of the binary code in the form of explicit calculations for triality
(compare with [4, 7]), the octonion multiplication table and independent vector fields on spheres (compare with
[12]).
4.1 Triality
We will first explain the idea of triality in a topological form. As we will recall below, the group Spin(8) is
represented orthogonally on three real 8-dimensional spaces: R8, ∆˜+8 and ∆˜
−
8 . In other words, we have three
homomorphisms
Spin(8)
λ8

SO(8)
Spin(8)
κ+8
99ssssssssss
Spin(8)
κ−8
ee❑❑❑❑❑❑❑❑❑❑
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Now, consider the following two diagrams,
Spin(8)
λ8

Spin(8)
σ
99ssssssssss κ−8 // SO(8)
Spin(8)
λ8

Spin(8)
τ
99ssssssssss κ+8 // SO(8)
which include the correspoding lifts σ and τ (due to the simple connectedness of Spin(8)). We will see that
σ : Spin(8) −→ Spin(8) is an outer automorphism of order 3 (a triality automorphism), τ : Spin(8) −→ Spin(8) is
an outer automorphism of order 2, and the two automorphisms generate a copy of the permutation group S3.
First, we will examine the situation explicitly at the Lie algebra level
spin(8)
λ8∗

spin(8)
σ∗
::ttttttttt κ−8∗ // so(8)
spin(8)
λ8∗

spin(8)
τ∗
::ttttttttt κ+8∗ // so(8)
(6)
and later at the Lie group level.
4.1.1 The real Spin(8)-representations ∆˜+8 and ∆˜
+
8
Recall that γ8 : ∆8 −→ ∆8 is a real structure on ∆8, which means it is the complexification of a real vector space
∆˜8 given by
∆˜8 = (1 + γ8)(∆8).
Furthermore, γ8 also preserves the subrepresentations ∆
+
8 and ∆
−
8 , i.e. γ8 restricts to real structures on ∆
+
8 and
∆−8 and, therefore, they are also complexifications of real vector spaces
∆˜+8 = {(+1)-eigenspace of γ8 in ∆+8 }
= (1 + γ8)(∆
+
8 ),
∆˜−8 = {(−1)-eigenspace of γ8 in ∆−8 }
= (1 − γ8)(∆−8 ).
In fact, we have chosen ∆˜+8 and ∆˜
−
8 in this way so that they are compatible with Clifford multiplication
µ8 : R
8 × ∆˜+8 −→ ∆˜−8 .
We have explicit generators for the complex spinor spaces
∆+8 = span(u0, u3, u5, u6, u9, u10, u12, u15),
∆−8 = span(u1, u2, u4, u7, u8, u11, u13, u14).
For the real representation ∆˜+8 we have
∆˜+8 = span
{
1√
2
(u0 − u15), i√
2
(u0 + u15),
1√
2
(u3 + u12),
i√
2
(u3 − u12),
1√
2
(u5 − u10), i√
2
(u5 + u10),
1√
2
(u6 + u9),
i√
2
(u6 − u9)
}
.
We choose the ordered basis of ∆˜−8 to be the image of the basis of ∆˜
+
8 under Clifford multiplication by the canonical
vector e1 ∈ R8. Namely,
∆˜−8 = span
{
i√
2
(u1 − u14), −1√
2
(u1 + u14),
i√
2
(u2 + u13),
1√
2
(u2 − u13),
−i√
2
(u4 − u11), −1√
2
(u4 + u11),
i√
2
(u7 + u8),
−1√
2
(u7 − u8)
}
.
11
4.1.2 The endomorphism σ∗
Using the ordered basis of spinors, one can compute the endomorphisms corresponding to the generators eiej ∈
spin(8), 1 ≤ i < j ≤ 8, under the map κ−8∗ and, in turn, express those endomorphisms as images of elements of
spin(8) under λ8∗:
κ−8∗(e1e2) = −E1,2 − E3,4 − E5,6 − E7,8 =
1
2
λ8∗(−e1e2 − e3e4 − e5e6 − e7e8),
κ−8∗(e1e3) = −E1,3 + E2,4 − E5,7 + E6,8 =
1
2
λ8∗(−e1e3 + e2e4 − e5e7 + e6e8),
κ−8∗(e1e4) = −E1,4 − E2,3 + E5,8 + E6,7 =
1
2
λ8∗(−e1e4 − e2e3 + e5e8 + e6e7),
κ−8∗(e1e5) = −E1,5 + E2,6 + E3,7 − E4,8 =
1
2
λ8∗(−e1e5 + e2e6 + e3e7 − e4e8),
κ−8∗(e1e6) = −E1,6 − E2,5 − E3,8 − E4,7 =
1
2
λ8∗(−e1e6 − e2e5 − e3e8 − e4e7),
κ−8∗(e1e7) = −E1,7 + E2,8 − E3,5 + E4,6 =
1
2
λ8∗(−e1e7 + e2e8 − e3e5 + e4e6),
κ−8∗(e1e8) = −E1,8 − E2,7 + E3,6 + E4,5 =
1
2
λ8∗(−e1e8 − e2e7 + e3e6 + e4e5),
κ−8∗(e2e3) = E1,4 + E2,3 + E5,8 + E6,7 =
1
2
λ8∗(e1e4 + e2e3 + e5e8 + e6e7),
κ−8∗(e2e4) = −E1,3 + E2,4 + E5,7 − E6,8 =
1
2
λ8∗(e1e4 + e2e3 + e5e8 + e6e7),
κ−8∗(e2e5) = E1,6 + E2,5 − E3,8 − E4,7 =
1
2
λ8∗(e1e6 + e2e5 − e3e8 − e4e7),
κ−8∗(e2e6) = −E1,5 + E2,6 − E3,7 + E4,8 =
1
2
λ8∗(−e1e5 + e2e6 − e3e7 + e4e8),
κ−8∗(e2e7) = E1,8 + E2,7 + E3,6 + E4,5 =
1
2
λ8∗(e1e8 + e2e7 + e3e6 + e4e5),
κ−8∗(e2e8) = −E1,7 + E2,8 + E3,5 − E4,6 =
1
2
λ8∗(−e1e7 + e2e8 + e3e5 − e4e6),
κ−8∗(e3e4) = E1,2 + E3,4 − E5,6 − E7,8 =
1
2
λ8∗(e1e2 + e3e4 − e5e6 − e7e8),
κ−8∗(e3e5) = E1,7 + E2,8 + E3,5 + E4,6 =
1
2
λ8∗(e1e7 + e2e8 + e3e5 + e4e6),
κ−8∗(e3e6) = −E1,8 + E2,7 + E3,6 − E4,5 =
1
2
λ8∗(−e1e8 + e2e7 + e3e6 − e4e5),
κ−8∗(e3e7) = −E1,5 − E2,6 + E3,7 + E4,8 =
1
2
λ8∗(−e1e5 − e2e6 + e3e7 + e4e8),
κ−8∗(e3e8) = E1,6 − E2,5 + E3,8 − E4,7 =
1
2
λ8∗(e1e6 − e2e5 + e3e8 − e4e7),
κ−8∗(e4e5) = −E1,8 + E2,7 − E3,6 + E4,5 =
1
2
λ8∗(−e1e8 + e2e7 − e3e6 + e4e5),
κ−8∗(e4e6) = −E1,7 − E2,8 + E3,5 + E4,6 =
1
2
λ8∗(−e1e7 − e2e8 + e3e5 + e4e6),
κ−8∗(e4e7) = E1,6 − E2,5 − E3,8 + E4,7 =
1
2
λ8∗(e1e6 − e2e5 − e3e8 + e4e7),
κ−8∗(e4e8) = E1,5 + E2,6 + E3,7 + E4,8 =
1
2
λ8∗(e1e5 + e2e6 + e3e7 + e4e8),
κ−8∗(e5e6) = E1,2 − E3,4 + E5,6 − E7,8 =
1
2
λ8∗(e1e2 − e3e4 + e5e6 − e7e8),
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κ−8∗(e5e7) = E1,3 + E2,4 + E5,7 + E6,8 =
1
2
λ8∗(e1e3 + e2e4 + e5e7 + e6e8),
κ−8∗(e5e8) = −E1,4 + E2,3 + E5,8 − E6,7 =
1
2
λ8∗(−e1e4 + e2e3 + e5e8 − e6e7),
κ−8∗(e6e7) = −E1,4 + E2,3 − E5,8 + E6,7 =
1
2
λ8∗(−e1e4 + e2e3 − e5e8 + e6e7),
κ−8∗(e6e8) = −E1,3 − E2,4 + E5,7 + E6,8 =
1
2
λ8∗(−e1e3 − e2e4 + e5e7 + e6e8),
κ−8∗(e7e8) = E1,2 − E3,4 − E5,6 + E7,8 =
1
2
λ8∗(e1e2 − e3e4 − e5e6 + e7e8).
This means, in terms of the first diagram in (6),
σ∗(e1e2) =
1
2
(−e1e2 − e3e4 − e5e6 − e7e8),
σ∗(e1e3) =
1
2
(−e1e3 + e2e4 − e5e7 + e6e8),
σ∗(e1e4) =
1
2
(−e1e4 − e2e3 + e5e8 + e6e7),
σ∗(e1e5) =
1
2
(−e1e5 + e2e6 + e3e7 − e4e8),
σ∗(e1e6) =
1
2
(−e1e6 − e2e5 − e3e8 − e4e7),
σ∗(e1e7) =
1
2
(−e1e7 + e2e8 − e3e5 + e4e6),
σ∗(e1e8) =
1
2
(−e1e8 − e2e7 + e3e6 + e4e5),
σ∗(e2e3) =
1
2
(e1e4 + e2e3 + e5e8 + e6e7),
σ∗(e2e4) =
1
2
(−e1e3 + e2e4 + e5e7 − e6e8),
σ∗(e2e5) =
1
2
(e1e6 + e2e5 − e3e8 − e4e7),
σ∗(e2e6) =
1
2
(−e1e5 + e2e6 − e3e7 + e4e8),
σ∗(e2e7) =
1
2
(e1e8 + e2e7 + e3e6 + e4e5),
σ∗(e2e8) =
1
2
(−e1e7 + e2e8 + e3e5 − e4e6),
σ∗(e3e4) =
1
2
(e1e2 + e3e4 − e5e6 − e7e8),
σ∗(e3e5) =
1
2
(e1e7 + e2e8 + e3e5 + e4e6),
σ∗(e3e6) =
1
2
(−e1e8 + e2e7 + e3e6 − e4e5),
σ∗(e3e7) =
1
2
(−e1e5 − e2e6 + e3e7 + e4e8),
σ∗(e3e8) =
1
2
(e1e6 − e2e5 + e3e8 − e4e7),
σ∗(e4e5) =
1
2
(−e1e8 + e2e7 − e3e6 + e4e5),
σ∗(e4e6) =
1
2
(−e1e7 − e2e8 + e3e5 + e4e6),
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σ∗(e4e7) =
1
2
(e1e6 − e2e5 − e3e8 + e4e7),
σ∗(e4e8) =
1
2
(e1e5 + e2e6 + e3e7 + e4e8),
σ∗(e5e6) =
1
2
(e1e2 − e3e4 + e5e6 − e7e8),
σ∗(e5e7) =
1
2
(e1e3 + e2e4 + e5e7 + e6e8),
σ∗(e5e8) =
1
2
(−e1e4 + e2e3 + e5e8 − e6e7),
σ∗(e6e7) =
1
2
(−e1e4 + e2e3 − e5e8 + e6e7),
σ∗(e6e8) =
1
2
(−e1e3 − e2e4 + e5e7 + e6e8),
σ∗(e7e8) =
1
2
(e1e2 − e3e4 − e5e6 + e7e8).
In other words, we have defined σ∗ in such a way that
λ8∗ ◦ σ∗ = κ−8∗.
In order to show that σ∗ is of order 3, let us consider, for instance
σ∗(e1e2) =
1
2
(−e1e2 − e3e4 − e5e6 − e7e8).
Then
σ∗(σ∗(e1e2)) =
1
2
(−σ∗(e1e2)− σ∗(e3e4)− σ∗(e5e6)− σ∗(e7e8))
=
1
4
(−(−e1e2 − e3e4 − e5e6 − e7e8)− (e1e2 + e3e4 − e5e6 − e7e8)
−(e1e2 − e3e4 + e5e6 − e7e8)− (e1e2 − e3e4 − e5e6 + e7e8))
=
1
2
(−e1e2 + e3e4 + e5e6 + e7e8),
and
σ∗(σ∗(σ∗(e1e2))) =
1
2
(−σ∗(e1e2) + σ∗(e3e4) + σ∗(e5e6) + σ∗(e7e8))
=
1
4
(−(−e1e2 − e3e4 − e5e6 − e7e8) + (e1e2 + e3e4 − e5e6 − e7e8)
+(e1e2 − e3e4 + e5e6 − e7e8) + (e1e2 − e3e4 − e5e6 + e7e8))
= e1e2.
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All the other cases are similar. In fact, using the standard ordered basis {e1e2, e1e3, ..., e7e8} of spin(8) we have the
matrix representation
σ∗ =
1
2


−1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 −1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0
0 0 −1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 0 0
0 0 0 −1 0 0 0 0 0 0 −1 0 0 0 0 0 −1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 0 0 −1 0 1 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 0 1 0 0 0 −1 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0
0 0 0 0 −1 0 0 0 0 1 0 0 0 0 0 0 0 −1 0 0 −1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 −1 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 −1 0 0 0 0 −1
0 0 0 0 0 −1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0 −1 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 −1 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 −1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0 −1 0 0 0 0 0 0 0 −1 0 0 1 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 1 0 0 0 0 −1
0 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0
0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1 0 0
0 1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
−1 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 −1 0 0 0 0 1


,
which one can verify is of order 3. Furthermore, the map σ∗ has eigenvalues
e
2pii
3 , e
−2pii
3 , 1,
with multiplicities 7, 7 and 14 respectively. The eigenspace corresponding to 1 is generated by
{e2e3 + e6e7,−e2e4 + e6e8,−e3e4 + e7e8,−e2e6 + e3e7,−e2e5 + e3e8, e2e7 + e4e5,−e2e8 + e4e6,
−e2e5 + e4e7, e2e6 + e4e8,−e3e4 + e5e6, e2e4 + e5e7, e2e3 + e5e8, e2e8 + e3e5, e2e7 + e3e6, } (7)
which generates a copy of g2 ⊂ spin(8) ⊂ Cl08. Note that none of the generators includes the vector e1, which makes
this copy of g2 a subalgebra of the copy of spin(7) generated by the span of {e2, e3, e4, e5, e6, e7, e8}. This copy of
g2 annihilates the basic positive spinor
1√
2
(u0 − u15) ∈ ∆˜+8 ,
so that ∆˜+8 = 1⊕ R7 under g2 and also annihilates the basic negative spinor
i√
2
(u1 − u14) ∈ ∆˜−8
under Clifford multiplication, so that ∆˜−8 = 1⊕ R7 under g2. The matrix representation for a general element
α1(e2e3 + e6e7) + α2(−e2e4 + e6e8) + α3(−e3e4 + e7e8) + α4(−e2e6 + e3e7) + α5(−e2e5 + e3e8)
+α6(e2e7 + e4e5) + α7(−e2e8 + e4e6) + α8(−e2e5 + e4e7) + α9(e2e6 + e4e8) + α10(−e3e4 + e5e6)
+α11(e2e4 + e5e7) + α12(e2e3 + e5e8) + α13(e2e8 + e3e5) + α14(e2e7 + e3e6)
on both ∆˜+8 and ∆˜
−
8 , is
2


0 0 0 0 0 0 0 0
0 0 α1 + α12 −α2 + α11 −α5 − α8 −α4 + α9 α6 + α14 −α7 + α13
0 −α1 − α12 0 −α3 − α10 α13 α14 α4 α5
0 α2 − α11 α3 + α10 0 α6 α7 α8 α9
0 α5 + α8 −α13 −α6 0 α10 α11 α12
0 α4 − α9 −α14 −α7 −α10 0 α1 α2
0 −α6 − α14 −α4 −α8 −α11 −α1 0 α3
0 α7 − α13 −α5 −α9 −α12 −α2 −α3 0


.
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Let us compute an explicit element of the group G2. Consider the element e2e3 + e6e7 ∈ g2 ⊂ spin(8) ⊂ Cl08, and
the one parameter subgroup
exp(t(e2e3 + e6e7)) = exp(te2e3)exp(te6e7)
= (cos(t) + sin(t)e2e3)(cos(t) + sin(t)e6e7)
=
1
2
(−e2e3e6e7 cos(2t) + e2e3e6e7 + e2e3 sin(2t) + e6e7 sin(2t) + cos(2t) + 1)
=
1
2
(e2e3e6e7(1− cos(2t)) + (e2e3 + e6e7) sin(2t) + cos(2t) + 1)
∈ G2 ⊂ Spin(7) ⊂ Spin(8) ⊂ Cl08.
Its image under κ−8 is
κ−8 (exp(t(e2e3 + e6e7))) = (cos(t)Id8 + sin(t)κ
−
8 (e2e3))(cos(t)Id8 + sin(t)κ
−
8 (e6e7))
=


1
cos(2t) − sin(2t)
sin(2t) cos(2t)
1
1
cos(2t) − sin(2t)
sin(2t) cos(2t)
1


∈ κ−8 (G2) ⊂ SO(7) ⊂ SO(8).
The eigenspace corresponding to e
2pii
3 is generated by
{e6e8 − e5e7 + e2e4 + ie1e3
√
3, e4e7 + e3e8 + e2e5 − ie1e6
√
3, e4e6 − e3e5 + e2e8 + ie1e7
√
3,
e7e8 + e5e6 + e3e4 − ie1e2
√
3, e4e5 + e3e6 − e2e7 + ie1e8
√
3, e4e8 − e3e7 − e2e6 − ie1e5
√
3,
e6e7 + e5e8 − e2e3 + ie1e4
√
3},
and eigenspace corresponding to e
−2pii
3 is generated by
{e6e8 − e5e7 + e2e4 − ie1e3
√
3, e4e7 + e3e8 + e2e5 + ie1e6
√
3, e4e6 − e3e5 + e2e8 − ie1e7
√
3,
e7e8 + e5e6 + e3e4 + ie1e2
√
3, e4e5 + e3e6 − e2e7 − ie1e8
√
3, e4e8 − e3e7 − e2e6 + ie1e5
√
3,
e6e7 + e5e8 − e2e3 − ie1e4
√
3}
4.1.3 The endomorphism τ∗
Using the ordered basis of spinors, one can compute the endomorphisms corresponding to the elements eiej ∈
spin(8), 1 ≤ i < j ≤ 8, under the map κ+8∗ and, in turn, express those endomorphisms as images of elements of
spin(8) under λ8∗:
κ+8∗(e1e2) = E1,2 + E3,4 + E5,6 + E7,8 =
1
2
λ8∗(e1,2 + e3,4 + e5,6 + e7,8),
κ+8∗(e1e3) = E1,3 − E2,4 + E5,7 − E6,8 =
1
2
λ8∗(e1,3 − e2,4 + e5,7 − e6,8),
κ+8∗(e1e4) = E1,4 + E2,3 − E5,8 − E6,7 =
1
2
λ8∗(e1,4 + e2,3 − e5,8 − e6,7),
κ+8∗(e1e5) = E1,5 − E2,6 − E3,7 + E4,8 =
1
2
λ8∗(e1,5 − e2,6 − e3,7 + e4,8),
κ+8∗(e1e6) = E1,6 + E2,5 + E3,8 + E4,7 =
1
2
λ8∗(e1,6 + e2,5 + e3,8 + e4,7),
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κ+8∗(e1e7) = E1,7 − E2,8 + E3,5 − E4,6 =
1
2
λ8∗(e1,7 − e2,8 + e3,5 − e4,6),
κ+8∗(e1e8) = E1,8 + E2,7 − E3,6 − E4,5 =
1
2
λ8∗(e1,8 + e2,7 − e3,6 − e4,5),
κ+8∗(e2e3) = E1,4 + E2,3 + E5,8 + E6,7 =
1
2
λ8∗(e1,4 + e2,3 + e5,8 + e6,7),
κ+8∗(e2e4) = −E1,3 + E2,4 + E5,7 − E6,8 =
1
2
λ8∗(−e1,3 + e2,4 + e5,7 − e6,8),
κ+8∗(e2e5) = E1,6 + E2,5 − E3,8 − E4,7 =
1
2
λ8∗(e1,6 + e2,5 − e3,8 − e4,7),
κ+8∗(e2e6) = −E1,5 + E2,6 − E3,7 + E4,8 =
1
2
λ8∗(−e1,5 + e2,6 − e3,7 + e4,8),
κ+8∗(e2e7) = E1,8 + E2,7 + E3,6 + E4,5 =
1
2
λ8∗(e1,8 + e2,7 + e3,6 + e4,5),
κ+8∗(e2e8) = −E1,7 + E2,8 + E3,5 − E4,6 =
1
2
λ8∗(−e1,7 + e2,8 + e3,5 − e4,6),
κ+8∗(e3e4) = E1,2 + E3,4 − E5,6 − E7,8 =
1
2
λ8∗(e1,2 + e3,4 − e5,6 − e7,8),
κ+8∗(e3e5) = E1,7 + E2,8 + E3,5 + E4,6 =
1
2
λ8∗(e1,7 + e2,8 + e3,5 + e4,6),
κ+8∗(e3e6) = −E1,8 + E2,7 + E3,6 − E4,5 =
1
2
λ8∗(−e1,8 + e2,7 + e3,6 − e4,5),
κ+8∗(e3e7) = −E1,5 − E2,6 + E3,7 + E4,8 =
1
2
λ8∗(−e1,5 − e2,6 + e3,7 + e4,8),
κ+8∗(e3e8) = E1,6 − E2,5 + E3,8 − E4,7 =
1
2
λ8∗(e1,6 − e2,5 + e3,8 − e4,7),
κ+8∗(e4e5) = −E1,8 + E2,7 − E3,6 + E4,5 =
1
2
λ8∗(−e1,8 + e2,7 − e3,6 + e4,5),
κ+8∗(e4e6) = −E1,7 − E2,8 + E3,5 + E4,6 =
1
2
λ8∗(−e1,7 − e2,8 + e3,5 + e4,6),
κ+8∗(e4e7) = E1,6 − E2,5 − E3,8 + E4,7 =
1
2
λ8∗(e1,6 − e2,5 − e3,8 + e4,7),
κ+8∗(e4e8) = E1,5 + E2,6 + E3,7 + E4,8 =
1
2
λ8∗(e1,5 + e2,6 + e3,7 + e4,8),
κ+8∗(e5e6) = E1,2 − E3,4 + E5,6 − E7,8 =
1
2
λ8∗(e1,2 − e3,4 + e5,6 − e7,8),
κ+8∗(e5e7) = E1,3 + E2,4 + E5,7 + E6,8 =
1
2
λ8∗(e1,3 + e2,4 + e5,7 + e6,8),
κ+8∗(e5e8) = −E1,4 + E2,3 + E5,8 − E6,7 =
1
2
λ8∗(−e1,4 + e2,3 + e5,8 − e6,7),
κ+8∗(e6e7) = −E1,4 + E2,3 − E5,8 + E6,7 =
1
2
λ8∗(−e1,4 + e2,3 − e5,8 + e6,7),
κ+8∗(e6e8) = −E1,3 − E2,4 + E5,7 + E6,8 =
1
2
λ8∗(−e1,3 − e2,4 + e5,7 + e6,8),
κ+8∗(e7e8) = E1,2 − E3,4 − E5,6 + E7,8 =
1
2
λ8∗(e1,2 − e3,4 − e5,6 + e7,8),
This means, in terms of the second diagram in (6),
τ∗(e1e2) =
1
2
(e1e2 + e3e4 + e5e6 + e7e8),
τ∗(e1e3) =
1
2
(e1e3 − e2e4 + e5e7 − e6e8),
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τ∗(e1e4) =
1
2
(e1e4 + e2e3 − e5e8 − e6e7),
τ∗(e1e5) =
1
2
(e1e5 − e2e6 − e3e7 + e4e8),
τ∗(e1e6) =
1
2
(e1e6 + e2e5 + e3e8 + e4e7),
τ∗(e1e7) =
1
2
(e1e7 − e2e8 + e3e5 − e4e6),
τ∗(e1e8) =
1
2
(e1e8 + e2e7 − e3e6 − e4e5),
τ∗(e2e3) =
1
2
(e1e4 + e2e3 + e5e8 + e6e7),
τ∗(e2e4) =
1
2
(−e1e3 + e2e4 + e5e7 − e6e8),
τ∗(e2e5) =
1
2
(e1e6 + e2e5 − e3e8 − e4e7),
τ∗(e2e6) =
1
2
(−e1e5 + e2e6 − e3e7 + e4e8),
τ∗(e2e7) =
1
2
(e1e8 + e2e7 + e3e6 + e4e5),
τ∗(e2e8) =
1
2
(−e1e7 + e2e8 + e3e5 − e4e6),
τ∗(e3e4) =
1
2
(e1e2 + e3e4 − e5e6 − e7e8),
τ∗(e3e5) =
1
2
(e1e7 + e2e8 + e3e5 + e4e6),
τ∗(e3e6) =
1
2
(−e1e8 + e2e7 + e3e6 − e4e5),
τ∗(e3e7) =
1
2
(−e1e5 − e2e6 + e3e7 + e4e8),
τ∗(e3e8) =
1
2
(e1e6 − e2e5 + e3e8 − e4e7),
τ∗(e4e5) =
1
2
(−e1e8 + e2e7 − e3e6 + e4e5),
τ∗(e4e6) =
1
2
(−e1e7 − e2e8 + e3e5 + e4e6),
τ∗(e4e7) =
1
2
(e1e6 − e2e5 − e3e8 + e4e7),
τ∗(e4e8) =
1
2
(e1e5 + e2e6 + e3e7 + e4e8),
τ∗(e5e6) =
1
2
(e1e2 − e3e4 + e5e6 − e7e8),
τ∗(e5e7) =
1
2
(e1e3 + e2e4 + e5e7 + e6e8),
τ∗(e5e8) =
1
2
(−e1e4 + e2e3 + e5e8 − e6e7),
τ∗(e6e7) =
1
2
(−e1e4 + e2e3 − e5e8 + e6e7),
τ∗(e6e8) =
1
2
(−e1e3 − e2e4 + e5e7 + e6e8),
τ∗(e7e8) =
1
2
(e1e2 − e3e4 − e5e6 + e7e8).
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In other words, we have defined τ∗ in such a way that
λ8∗ ◦ τ∗ = κ+8∗.
As before, using the stardard ordered basis of spin(8), we have the matrix representation
τ∗ =
1
2


1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0
0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 0 0
0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 0 −1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 −1 0 1 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 −1 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 −1 0 0 −1 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 0 0 1 0 1 0 0 0 0 −1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 −1 0 0 0 0 −1
0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 0 1 0 0 0 1 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0 −1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 −1 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 0 1 0 0 0 −1 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 0 0 −1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 −1 0 0 0 0 0 0 0 −1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 1 0 0 0 0 −1
0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 −1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0
0 0 −1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1 0 0
0 −1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 −1 0 0 0 0 1


,
which one can verify is of order 2. The map τ∗ has eigenvalues
1,−1
with multiplicities 21 and 7 respectively. The eigenspace corresponding to 1 is generated by
{e1e4 + e2e3,−e1e3 + e2e4, e1e6 + e2e5,−e1e5 + e2e6, e1e8 + e2e7,−e1e7 + e2e8, e1e2 + e3e4,
e1e7 + e3e5,−e1e8 + e3e6,−e1e5 + e3e7, e1e6 + e3e8,−e1e8 + e4e5,−e1e7 + e4e6, e1e6 + e4e7,
e1e5 + e4e8, e1e2 + e5e6, e1e3 + e5e7,−e1e4 + e5e8,−e1e4 + e6e7,−e1e3 + e6e8, e1e2 + e7e8}
which generates a copy of spin(7) ⊂ spin(8) ⊂ Cl08, i.e.
{+1 eigenspace of τ∗} ∼= spin(7).
By taking appropriate sums of these generators we can find the set of generators (7) of our copy of g2. Moreover,
g2 is the intersection of the two copies of spin(7), i.e.
g2 = spin(span{e2, ..., e8}) ∩ {+1 eigenspace of τ∗}.
One can easlily compute brackets (in Clifford product) of the pair of Lie algebras (spin(7), g2) and check they form
a symmetric pair. Since the orbit space Spin(7) · e1 = Spin(7)/G2 is 7-dimensional and a submanifold of the
7-dimensional sphere S7 = Spin(8)/Spin(7), we have the classical result
Spin(7)
G2
= S7.
The 7-dimensional eigenspace corresponding to −1 is generated by
{e1e3 + e2e4 − e5e7 + e6e8, e1e4 − e2e3 + e5e8 + e6e7, e1e7 + e2e8 − e3e5 + e4e6, e1e8 − e2e7 + e3e6 + e4e5,
−e1e6 + e2e5 + e3e8 + e4e7,−e1e2 + e3e4 + e5e6 + e7e8,−e1e5 − e2e6 − e3e7 + e4e8}.
Remark. Note that, by using the bases
{e1e2, e1e3, . . . , e7e8} ⊂ spin(8)
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and
{E1,2, E1,3, . . . , E7,8} ⊂ so(8),
the matrices representing
κ−8∗ : spin(8) −→ so(8),
κ+8∗ : spin(8) −→ so(8),
with respect to these bases equal the matrices representing 2σ∗ and 2τ∗ respectively. In this way, triality becomes
somewhat tautological.
4.1.4 Group generated by σ∗ and τ∗
Corollary 4.1 The endomorphisms σ∗ and τ∗ generate a copy of the permutation group S3 of three symbols.
Proof. The endomorphisms σ∗ and τ∗ satisfy
τ2∗ = Idspin(8),
σ3∗ = Idspin(8),
σ∗τ∗ = τ∗σ
2
∗,
σ2∗τ∗ = τ∗σ∗,
which proves the claim. ✷
.
Corollary 4.2 The compositions τ∗σ∗, σ∗τ∗ are also involutions.
Proof. Consider,
(τ∗σ∗)(τ∗σ∗) = τ∗(σ∗τ∗)σ∗
= τ∗(τ∗σ
2
∗)σ∗
= τ2∗σ
3
∗
= Idspin(8).
✷
Corollary 4.3 The endomorphisms λ8∗, κ
+
8∗, κ
−
8∗, τ∗ and σ∗ satisfy
λ8∗σ∗ = κ
−
8∗,
λ8∗τ∗ = κ
+
8∗,
κ−8∗τ∗σ∗ = κ
+
8∗,
κ+8∗τ∗σ∗ = κ
−
8∗,
i.e. the symmetric group S3 generated by τ∗ and σ∗ permutes the Lie algebra representations λ8∗, κ
+
8∗ and κ
−
8∗, and
the following diagram commutes
spin(8)
λ8∗

so(8)
spin(8) τ∗σ∗
//
τ∗
CC✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞ κ
+
8∗
::ttttttttt
spin(8)
σ∗
[[✼✼✼✼✼✼✼✼✼✼✼✼✼✼✼✼κ−8∗
dd❏❏❏❏❏❏❏❏❏
✷
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We know that the following diagrams also commute
spin(8)
σ∗ //
exp

spin(8)
exp

Spin(8)
σ // Spin(8)
spin(8)
τ∗ //
exp

spin(8)
exp

Spin(8)
τ // Spin(8)
Corollary 4.4 The symmetric group S3 generated by σ and τ permutes the three representations λ8, κ
+
8 and κ
+
8 ,
i.e. the following diagram commutes
Spin(8)
λ8

SO(8)
Spin(8)
τ
BB✆✆✆✆✆✆✆✆✆✆✆✆✆✆✆✆✆
τσ
//
κ+8
99ssssssssss
Spin(8)
κ−8
ee❑❑❑❑❑❑❑❑❑❑
σ
\\✾✾✾✾✾✾✾✾✾✾✾✾✾✾✾✾✾
✷
Corollary 4.5 We have
{(+1)-eigenspace of τ∗σ∗} ∼= spin(span(e2, e3, e4, e5, e6, e7, e8)) = spin(7).
Proof. It is enough to check the effect of τ∗σ∗ on the linear generators of spin(8). We have
τ∗σ∗(e1ek) = −e1ek for 2 ≤ k ≤ 8.
τ∗σ∗(eiej) = eiej for 2 ≤ i < j ≤ 8.
✷
Corollary 4.6 We have
g2 = {(+1)-eigenspace of τ∗} ∩ {(+1)-eigenspace of τ∗σ2∗}.
and
g2 = {(+1)-eigenspace of τ∗} ∩ {(+1)-eigenspace of τ∗σ∗}.
Proof. If X ∈ {(+1)-eigenspace of τ∗} ∩ {(+1)-eigenspace of τ∗σ2∗}
τ∗(X) = X
τ∗σ
2
∗(X) = X,
Then
X = τ∗σ
2
∗(X)
= σ∗τ∗(X)
= σ∗(X),
which means X is a (+1)-eigenvector of σ∗, thus an element of g2. A dimension count proves the first identity. The
second identity is proved similarly. ✷
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Corollary 4.7 σ2∗ provides an isomorphism between the two copies of spin(7). Namely,
σ2∗({(+1)-eigenspace of τ∗σ∗}) = {(+1)-eigenspace of τ∗}
Proof. Let Y ∈ {(+1)-eigenspace of τ∗σ∗}, i.e.
τ∗σ∗(Y ) = Y.
Apply σ2∗ to both sides, so that
σ2∗τ∗σ∗(Y ) = σ
2
∗(Y ),
Since
σ2∗τ∗σ∗ = σ
2
∗τ∗σ
2
∗σ
2
∗ = σ
2
∗σ∗τ∗σ
2
∗ = τ∗σ
2
∗
we have
τ∗(σ
2
∗(Y )) = σ
2
∗(Y ).
This means that X = σ2∗(Y ) is a (+1)-eigenvector of τ∗. Since τ∗ is an automorphism, the claim is proved. ✷
4.1.5 Fundamental Spin(7) 4-form and G2 3-form
Using the metric, we can dualize the endomorphisms κ+8∗(eiej), 2 ≤ i < j ≤ 8 into 2-forms:
f2,3 = dx1 ∧ dx4 + dx2 ∧ dx3 + dx5 ∧ dx8 + dx6 ∧ dx7,
f2,4 = −dx1 ∧ dx3 + dx2 ∧ dx4 + dx5 ∧ dx7 − dx6 ∧ dx8,
f2,5 = dx1 ∧ dx6 + dx2 ∧ dx5 − dx3 ∧ dx8 − dx4 ∧ dx7,
f2,6 = −dx1 ∧ dx5 + dx2 ∧ dx6 − dx3 ∧ dx7 + dx4 ∧ dx8,
f2,7 = dx1 ∧ dx8 + dx2 ∧ dx7 + dx3 ∧ dx6 + dx4 ∧ dx5,
f2,8 = −dx1 ∧ dx7 + dx2 ∧ dx8 + dx3 ∧ dx5 − dx4 ∧ dx6,
f3,4 = dx1 ∧ dx2 + dx3 ∧ dx4 − dx5 ∧ dx6 − dx7 ∧ dx8,
f3,5 = dx1 ∧ dx7 + dx2 ∧ dx8 + dx3 ∧ dx5 + dx4 ∧ dx6,
f3,6 = −dx1 ∧ dx8 + dx2 ∧ dx7 + dx3 ∧ dx6 − dx4 ∧ dx5,
f3,7 = −dx1 ∧ dx5 − dx2 ∧ dx6 + dx3 ∧ dx7 + dx4 ∧ dx8,
f3,8 = dx1 ∧ dx6 − dx2 ∧ dx5 + dx3 ∧ dx8 − dx4 ∧ dx7,
f4,5 = −dx1 ∧ dx8 + dx2 ∧ dx7 − dx3 ∧ dx6 + dx4 ∧ dx5,
f4,6 = −dx1 ∧ dx7 − dx2 ∧ dx8 + dx3 ∧ dx5 + dx4 ∧ dx6,
f4,7 = dx1 ∧ dx6 − dx2 ∧ dx5 − dx3 ∧ dx8 + dx4 ∧ dx7,
f4,8 = dx1 ∧ dx5 + dx2 ∧ dx6 + dx3 ∧ dx7 + dx4 ∧ dx8,
f5,6 = dx1 ∧ dx2 − dx3 ∧ dx4 + dx5 ∧ dx6 − dx7 ∧ dx8,
f5,7 = dx1 ∧ dx3 + dx2 ∧ dx4 + dx5 ∧ dx7 + dx6 ∧ dx8,
f5,8 = −dx1 ∧ dx4 + dx2 ∧ dx3 + dx5 ∧ dx8 − dx6 ∧ dx7,
f6,7 = −dx1 ∧ dx4 + dx2 ∧ dx3 − dx5 ∧ dx8 + dx6 ∧ dx7,
f6,8 = −dx1 ∧ dx3 − dx2 ∧ dx4 + dx5 ∧ dx7 + dx6 ∧ dx8,
f7,8 = dx1 ∧ dx2 − dx3 ∧ dx4 − dx5 ∧ dx6 + dx7 ∧ dx8.
We can form the Spin(7)-invariant 4-form
Ω =
∑
2≤i<j≤8
fi,j ∧ fi,j
= 6(−(dx1 ∧ dx2 ∧ dx3 ∧ dx4)− (dx1 ∧ dx2 ∧ dx5 ∧ dx6) + (dx1 ∧ dx7 ∧ dx2 ∧ dx8)
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−(dx1 ∧ dx7 ∧ dx3 ∧ dx5) + (dx1 ∧ dx7 ∧ dx4 ∧ dx6) + (dx1 ∧ dx8 ∧ dx3 ∧ dx6)
+(dx1 ∧ dx8 ∧ dx4 ∧ dx5) + (dx2 ∧ dx3 ∧ dx5 ∧ dx8) + (dx2 ∧ dx3 ∧ dx6 ∧ dx7)
+(dx2 ∧ dx7 ∧ dx4 ∧ dx5)− (dx2 ∧ dx8 ∧ dx4 ∧ dx6)− (dx3 ∧ dx6 ∧ dx4 ∧ dx5)
+(dx3 ∧ dx7 ∧ dx4 ∧ dx8)− (dx5 ∧ dx6 ∧ dx7 ∧ dx8))
whose square is a multiple of the 8-dimensional volume form
Ω ∧ Ω = 504 dx1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx5 ∧ dx6 ∧ dx7 ∧ dx8,
thus showing that Ω is non-degenerate.
By integrating out dx1 we get the G2-invariant 3-form
ϕ = 6(−(dx2 ∧ dx3 ∧ dx4)− (dx2 ∧ dx5 ∧ dx6)− (dx2 ∧ dx7 ∧ dx8)
−(dx3 ∧ dx5 ∧ dx7) + (dx4 ∧ dx6 ∧ dx7) + (dx3 ∧ dx6 ∧ dx8) + (dx4 ∧ dx5 ∧ dx8)).
4.1.6 σ and τ are outer automorphisms
Now, we will show that σ and τ are outer automorphisms by showing that they permute the non-trivial central
elements of Spin(8), namely
−1, vol8,−vol8.
Recall that
vol28 = 1.
Consider, for instance,
σ(exp(te1e2)) = σ(cos(t) + sin(t)e1e2)
= exp(σ∗(te1e2))
= exp
(
t
2
(−e1e2 − e3e4 − e5e6 − e7e8)
)
= exp
(
− te1e2
2
)
exp
(
− te3e4
2
)
exp
(
− te5e6
2
)
exp
(
− te7e8
2
)
= (cos(t/2)− sin(t/2)e1e2)(cos(t/2)− sin(t/2)e3e4)(cos(t/2)− sin(t/2)e5e6)(cos(t/2)− sin(t/2)e7e8),
so that
σ(e1e2) = σ(cos(pi/2) + sin(pi/2)e1e2)
= (cos(pi/4)− sin(pi/4)e1e2)(cos(pi/4)− sin(pi/4)e3e4)(cos(pi/4)− sin(pi/4)e5e6)(cos(pi/4)− sin(pi/4)e7e8).
Note that the calculations are carried out in Cl8 where the exponentials converge. Similarly,
σ(e3e4) = (cos(pi/4) + sin(pi/4)e1e2)(cos(pi/4) + sin(pi/4)e3e4)(cos(pi/4)− sin(pi/4)e5e6)(cos(pi/4)− sin(pi/4)e7e8).
σ(e5e6) = (cos(pi/4) + sin(pi/4)e1e2)(cos(pi/4)− sin(pi/4)e3e4)(cos(pi/4) + sin(pi/4)e5e6)(cos(pi/4)− sin(pi/4)e7e8).
σ(e7e8) = (cos(pi/4) + sin(pi/4)e1e2)(cos(pi/4)− sin(pi/4)e3e4)(cos(pi/4)− sin(pi/4)e5e6)(cos(pi/4) + sin(pi/4)e7e8).
Now consider
τ(exp(te1e2)) = τ(cos(t) + sin(t)e1e2)
= exp(τ∗(te1e2))
= exp
(
t
2
(e1e2 + e3e4 + e5e6 + e7e8)
)
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= exp
(
te1e2
2
)
exp
(
te3e4
2
)
exp
(
te5e6
2
)
exp
(
te7e8
2
)
= (cos(t/2) + sin(t/2)e1e2)(cos(t/2) + sin(t/2)e3e4)(cos(t/2) + sin(t/2)e5e6)(cos(t/2) + sin(t/2)e7e8),
so that
τ(e1e2) = τ(cos(pi/2) + sin(pi/2)e1e2)
= (cos(pi/4) + sin(pi/4)e1e2)(cos(pi/4) + sin(pi/4)e3e4)(cos(pi/4) + sin(pi/4)e5e6)(cos(pi/4) + sin(pi/4)e7e8).
Similarly for all other generators eiej of spin(8) ⊂ Cl08.
Corollary 4.8 The automorphisms τ and σ are outer automorphisms, of order 2 and 3 respectively, since they
permute the elements of the center of Spin(8), i.e.
σ(−1) = vol8,
σ(vol8) = −vol8,
σ(−vol8) = −1,
τ(−1) = vol8,
τ(vol8) = −1.
Proof. Consider
σ(−1) = σ(e1e2e1e2)
= σ(e1e2)σ(e1e2)
= [(cos(pi/4) − sin(pi/4)e1e2)(cos(pi/4) − sin(pi/4)e3e4)
(cos(pi/4) − sin(pi/4)e5e6)(cos(pi/4) − sin(pi/4)e7e8)]
2
= (cos(pi/4) − sin(pi/4)e1e2)
2(cos(pi/4) − sin(pi/4)e3e4)
2
(cos(pi/4) − sin(pi/4)e5e6)
2(cos(pi/4) − sin(pi/4)e7e8)
2
= (cos2(pi/4) − sin2(pi/4) − 2 sin(pi4) cos(pi/4)e1e2)(cos
2(pi/4) − sin2(pi/4) − 2 sin(pi4) cos(pi/4)e3e4)
(cos2(pi/4) − sin2(pi/4) − 2 sin(pi4) cos(pi/4)e5e6)(cos
2(pi/4) − sin2(pi/4) − 2 sin(pi4) cos(pi/4)e7e8)
= (cos(pi/2) − sin(pi/2)e1e2)(cos(pi/2) − sin(pi/2)e3e4)(cos(pi/2) − sin(pi/2)e5e6)(cos(pi/2) − sin(pi/2)e7e8)
= e1e2e3e4e5e6e7e8,
σ(vol8) = σ(e1e2)σ(e3e4)σ(e5e6)σ(e7e8)
= (cos(pi/4) − sin(pi/4)e1e2)(cos(pi/4) − sin(pi/4)e3e4)(cos(pi/4) − sin(pi/4)e5e6)(cos(pi/4) − sin(pi/4)e7e8)
(cos(pi/4) + sin(pi/4)e1e2)(cos(pi/4) + sin(pi/4)e3e4)(cos(pi/4) − sin(pi/4)e5e6)(cos(pi/4) − sin(pi/4)e7e8)
(cos(pi/4) + sin(pi/4)e1e2)(cos(pi/4) − sin(pi/4)e3e4)(cos(pi/4) + sin(pi/4)e5e6)(cos(pi/4) − sin(pi/4)e7e8)
(cos(pi/4) + sin(pi/4)e1e2)(cos(pi/4) − sin(pi/4)e3e4)(cos(pi/4) − sin(pi/4)e5e6)(cos(pi/4) + sin(pi/4)e7e8)
= (cos(pi/4) + sin(pi/4)e1e2)
2(cos(pi/4) − sin(pi/4)e3e4)
2(cos(pi/4) − sin(pi/4)e5e6)
2(cos(pi/4) − sin(pi/4)e7e8)
2
= (cos(pi/2) + sin(pi/2)e1e2)(cos(pi/2) − sin(pi/2)e1e2)(cos(pi/2) − sin(pi/2)e1e2)(cos(pi/2) − sin(pi/2)e1e2)
= −e1e2e3e4e5e6e7e8,
σ(−vol8) = σ(−1)σ(e1e2e3e4e5e6e7e8)
= (e1e2e3e4e5e6e7e8)(−e1e2e3e4e5e6e7e8)
= −1.
On the other hand, we also have
τ(−1) = τ(e1e2e1e2)
= τ(e1e2)τ(e1e2)
= [(cos(pi/4) + sin(pi/4)e1e2)(cos(pi/4) + sin(pi/4)e3e4)
(cos(pi/4) + sin(pi/4)e5e6)(cos(pi/4) + sin(pi/4)e7e8)]
2
= (cos(pi/4) + sin(pi/4)e1e2)
2(cos(pi/4) + sin(pi/4)e3e4)
2
(cos(pi/4) + sin(pi/4)e5e6)
2(cos(pi/4) + sin(pi/4)e7e8)
2
= (cos2(pi/4) − sin2(pi/4) + 2 sin(pi4) cos(pi/4)e1e2)(cos
2(pi/4) − sin2(pi/4) + 2 sin(pi4) cos(pi/4)e3e4)
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(cos2(pi/4) − sin2(pi/4) + 2 sin(pi4) cos(pi/4)e5e6)(cos
2(pi/4) − sin2(pi/4) + 2 sin(pi4) cos(pi/4)e7e8)
= (cos(pi/2) + sin(pi/2)e1e2)(cos(pi/2) + sin(pi/2)e3e4)(cos(pi/2) + sin(pi/2)e5e6)(cos(pi/2) + sin(pi/2)e7e8)
= e1e2e3e4e5e6e7e8,
τ(vol8) = −1.
✷
4.1.7 Octonions
In this subsection, we recover a multiplication table of the normed division algebra of Octonions using the Spin(8)
representations. The idea is to consider Clifford multiplication and the three real representations of Spin(8) (see
[2, 10]). Consider the basis of the positive real spinors given by
β+ = {u0 − u15, iu0 + iu15, u3 + u12,−iu3 + iu12,−u5 + u10, iu5 + iu10, u6 + u9, iu6 − iu9}
Let us consider Clifford multiplication as a bilinear map
R
8 × ∆˜+8 → ∆˜−8 .
In this subsection, let {v0, . . . , v7} denote the standard ordered basis of R8. The Clifford multiplication table is the
following:
u0 − u15 iu0 + iu15 u3 + u12 −iu3 + iu12 −u5 + u10 iu5 + iu10 u6 + u9 iu6 − iu9
v0 iu1 − iu14 −u1 − u14 iu2 + iu13 −u2 + u13 iu4 − iu11 −u4 − u11 iu7 + iu8 −u7 + u8
v1 u1 + u14 iu1 − iu14 −u2 + u13 −iu2 − iu13 −u4 − u11 −iu4 + iu11 u7 − u8 iu7 + iu8
v2 −iu2 − iu13 u2 − u13 iu1 − iu14 −u1 − u14 iu7 + iu8 −u7 + u8 −iu4 + iu11 u4 + u11
v3 −u2 + u13 −iu2 − iu13 −u1 − u14 −iu1 + iu14 u7 − u8 iu7 + iu8 u4 + u11 iu4 − iu11
v4 iu4 − iu11 −u4 − u11 iu7 + iu8 −u7 + u8 −iu1 + iu14 u1 + u14 −iu2 − iu13 u2 − u13
v5 u4 + u11 iu4 − iu11 u7 − u8 iu7 + iu8 u1 + u14 iu1 − iu14 u2 − u13 iu2 + iu13
v6 −iu8 − iu7 u8 − u7 −iu11 + iu4 u11 + u4 −iu13 − iu2 u13 − u2 −iu14 + iu1 u14 + u1
v7 −u8 + u7 −iu8 − iu7 −u11 − u4 −iu11 + iu4 −u13 + u2 −iu13 − iu2 −u14 − u1 −iu14 + iu1
Now let
β− = {iu1 − iu14,−u1 − u14, iu2 + iu13,−u2 + u13, iu4 − iu11,−u4 − u11, iu7 + iu8,−u7 + u8}.
By labeling the elements of the ordered bases β+ = {ψ0, . . . , ψ7} and β− = {φ0, . . . , φ7}, the Clifford multiplication
table now reads as follows:
ψ0 ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7
v0 φ0 φ1 φ2 φ3 φ4 φ5 φ6 φ7
v1 −φ1 φ0 φ3 −φ2 φ5 −φ4 −φ7 φ6
v2 −φ2 −φ3 φ0 φ1 φ6 φ7 −φ4 −φ5
v3 φ3 −φ2 φ1 −φ0 −φ7 φ6 −φ5 φ4
v4 φ4 φ5 φ6 φ7 −φ0 −φ1 −φ2 −φ3
v5 −φ5 φ4 −φ7 φ6 −φ1 φ0 −φ3 φ2
v6 −φ6 φ7 φ4 −φ5 −φ2 φ3 φ0 −φ1
v7 −φ7 −φ6 φ5 φ4 −φ3 −φ2 φ1 φ0
We can recover the multiplication table of the octonions by identifying R8, ∆˜+8 and ∆˜
−
8 with a single vector space
O = span{eˆ0, eˆ1, . . . , eˆ7} in the following way. We identify v0, ψ0 and φ0 with the identity eˆ0 of O. We also identify
ψi with eˆi. In this way, we have that φi = v0ψi = eˆ0 · eˆi = eˆi. We also have that v1ψ0 = −φ1 so that v1 should be
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identify with −eˆ1. In the same way v2, v3, v4, v5, v6 and v7 should be identify with −eˆ2, eˆ3 eˆ4, −eˆ5, −eˆ6 and −eˆ7.
Then the multiplication table (of the octonions) reads as follows
eˆ0 eˆ1 eˆ2 eˆ3 eˆ4 eˆ5 eˆ6 eˆ7
eˆ0 eˆ0 eˆ1 eˆ2 eˆ3 eˆ4 eˆ5 eˆ6 eˆ7
eˆ1 eˆ1 −eˆ0 −eˆ3 eˆ2 −eˆ5 eˆ4 eˆ7 −eˆ6
eˆ2 eˆ2 eˆ3 −eˆ0 −eˆ1 −eˆ6 −eˆ7 eˆ4 eˆ5
eˆ3 eˆ3 −eˆ2 eˆ1 −eˆ0 −eˆ7 eˆ6 −eˆ5 eˆ4
eˆ4 eˆ4 eˆ5 eˆ6 eˆ7 −eˆ0 −eˆ1 −eˆ2 −eˆ3
eˆ5 eˆ5 −eˆ4 eˆ7 −eˆ6 eˆ1 −eˆ0 eˆ3 −eˆ2
eˆ6 eˆ6 −eˆ7 −eˆ4 eˆ5 eˆ2 −eˆ3 −eˆ0 eˆ1
eˆ7 eˆ7 eˆ6 −eˆ5 −eˆ4 eˆ3 eˆ2 −eˆ1 −eˆ0
Remark. One can actually do the same in the case of R4, ∆˜+4 and ∆˜
−
4 to recover the quaternion multiplication
table.
4.2 Vector fields on spheres
Classical results of Hurwitz, Radon and Adams [8, 1] tell us the maximal number of independent vector fields a
sphere can admit. In this subsection, we will give explicit expressions, using Clifford algebras and the binary code,
for orthogonal linearly indenpendent vector fields on spheres, (compare with [12, 11] for recent work). We follow
the idea in [9] using Clifford multiplication, but we will multiply by elements of spin(r).
The idea is as follows: if RN is a representation of Cl0r , we can construct the following orthogonal vector fields
on the sphere. For every Z ∈ SN−1 and 2 ≤ j ≤ r, Vj−1(Z) = e1ejZ are r − 1 orthogonal linearly independent
vectors tangent to the sphere at Z, so that one can define r− 1 orthogonal vector fields V1, . . . , Vr−1 on the sphere.
By [1], if r is the maximum integer such that RN is a representation of Cl0r , then the vector fields constructed
before form a maximal set of independent vector fields.
Thus, let us suppose that Cl0r is represented on R
N , for some N ∈ N, in such a way that each bivector eiej is
mapped to an antisymmetric endomorphism Jij satisfying
J2ij = −IdRN . (8)
• If r 6≡ 0 (mod 4), r > 1, RN decomposes into a sum of irreducible representations of Cl0r . Since this algebra is
simple, such irreducible representations can only be trivial or copies of the standard representation ∆˜r of Cl
0
r
(cf. [9]). Due to (8), there are no trivial summands in such a decomposition so that
R
N = ∆˜r ⊕ · · · ⊕ ∆˜r︸ ︷︷ ︸
m times
.
By restricting to spin(r) ⊂ Cl0r ,
R
N = ∆˜r ⊗R Rm
we see that spin(r) has an isomorphic image
ŝpin(r) = spin(r) ⊗ {IdRm} ⊂ so(drm),
which is a subalgebra of so(drm). Note that
Jij = [κr(eiej)⊗ IdRm ]
for 1 ≤ i < j ≤ r.
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• If, on the other hand, r ≡ 0 (mod 4),
∆ˆr = ∆˜
+
r ⊕ ∆˜−r ,
the sum of two inequivalent irreducible representationsm, and
R
N = ∆˜+r ⊗R Rm1 ⊕ ∆˜−r ⊗R Rm2 .
as a representation to spin(r) ⊂ Cl0r , and we see that spin(r) has an isomorphic image
ŝpin(r) = {κ+n (g)⊗ (IdRm1 ⊕ 0m2×m2)⊕ κ−n (g)⊗ (0m1×m1 ⊕ IdRm2 ) |g ∈ spin(r)} ⊂ so(drm1 + drm2).
Note that
Jij = [κ
+
r (eiej)⊗ IdRm1 ]⊕ [κ−r (eiej)⊗ IdRm2 ]
for 1 ≤ i < j ≤ r.
Given a point Z in the sphere of ∆˜r ⊗R Rm or ∆˜±r ⊗R Rm, the corresponding values of the vector fields at Z
will be given by
[κr(e1e2)⊗ Idm](Z), ..., [κr(e1er)⊗ Idm](Z),
or
[κ±r (e1e2)⊗ Idm](Z), ..., [κ±r (e1er)⊗ Idm](Z),
respectively, where Idm := IdRm .
4.2.1 Calculations in ∆r
First recall that
e1ub = iub+(−1)b0 .
Now, if p = 2 ≤ r, j = [p+12 ] = 1,
e1e2 · ua = i(−1)a0ua,
if 3 ≤ p ≤ 2[ r2 ], j = [p+12 ] ≥ 2,
e1ep · ua = i1−p(−1)2j−1+
∑j−2
s=0 as+aj−1(−2j+p+1)ua+(−1)aj−12j−1+(−1)a0
and if p = r = 2k + 1,
e1erua = (−1)[r/2]+1+
∑[r/2]−1
l=0 alua+(−1)a0 .
We also have the following expressions for the real and quaternionic structures: For r = 0, 1, 4, 5 (mod 8) and
q = [r/4]
γr(ua) = (−i)q(−1)
∑q
t=1 a2t−1u22q−1−a.
For r = 2, 3, 6, 7 (mod 8) and q = [r/4]
γr(ua) = (−i)q+1(−1)
∑q
t=0 a2tu22q+1−1−a.
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4.2.2 The vector fields
Due to the coincidence of dimensions of the real Spin representations
d8q+3 = d8q+4,
and
d8q+5 = d8q+6 = d8q+7 = d8q+8,
we only need to consider the cases r ≡ 0, 1, 2, 4 (mod 8). For example, if RN is a representation space of Cl08q+3,
then RN is also a representation of Cl08q+4 and therefore 8q+3 is not maximal. Let us consider bases for the spaces
∆˜r and ∆˜
±
r :
• Case r ≡ 0 (mod 8): A basis for ∆˜+r is given by{
ua + γr(ua), iua + γr(iua) |a = 0, ..., 2r/2−1 − 1,
∑
al ≡ 0 (mod 2)
}
• Case r ≡ 1 (mod 8): A basis for ∆˜r is given by{
ua + γr(ua), iua + γr(iua) |a = 0, ..., 2[r/2]−1 − 1
}
• Case r ≡ 2 (mod 8): A basis for ∆˜r is given by{
ua, iua |a = 0, ..., 2r/2 − 1,
∑
al ≡ 0 (mod 2)
}
• Case r ≡ 4 (mod 8): A basis for ∆˜+r is given by{
ua, iua |a = 0, ..., 2r/2 − 1,
∑
al ≡ 0 (mod 2)
}
Case r ≡ 0 (mod 8)
For any point Z ∈ S(∆˜+r ⊗R Rm) = Sdrm,
Z =
m∑
h=1
∑
{a=0,...,2r/2−1−1 :
∑
al≡0 (mod2)}
Xa,h(ua ⊗ vh) + Ya,h(iua ⊗ vh),
where {v1, ..., vm} is an orthonormal basis of Rm and Xa,h, Ya,h ∈ R, there are r−1 point-wise linearly independent
vector fields given as follows. For p = 2,
[κr(e1e2)⊗ Idm]

 m∑
h=1
∑
{a=0,...,2r/2−1−1,
∑
al≡0 (mod2)}
Xa,h(ua + γr(ua))⊗ vh) + Ya,h(iua + γr(iua))⊗ vh)


=
m∑
h=1
∑
{a=0,...,2r/2−1−1,
∑
al≡0 (mod2)}
(−1)a0(−Ya,h(ua + γr(ua))⊗ vh) +Xa,h(iua + γr(iua))⊗ vh)).
For 3 ≤ p ≤ r,
[κr(e1ep)⊗ Idm]

 ∑
{a=0,...,2r/2−1−1,
∑
al≡0 (mod2)}
Xa,h(ua + γr(ua))⊗ vh) + Ya,h(iua + γr(iua))⊗ vh)


=
m∑
h=1
∑
{a=0,...,2r/2−1−1,
∑
al≡0 (mod2)}
(−1)2j−1+
∑j−2
s=0 as+aj−1(−2j+p+1)
(Xa,h(i
1−pua+(−1)aj−12j−1+(−1)a0 + γr(i
1−pua+(−1)aj−12j−1+(−1)a0 ))⊗ vh)
−Ya,h(i−pua+(−1)aj−12j−1+(−1)a0 + γr(i−pua+(−1)aj−12j−1+(−1)a0 ))⊗ vh)
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Case r ≡ 1 (mod 8)
For any point) Z ∈ S(∆˜r ⊗R Rm) = Sdrm,
Z =
m∑
h=1
2[r/2]−1−1∑
a=0
Xa,h(ua ⊗ vh) + Ya,h(iua ⊗ vh),
where {v1, ..., vm} is an orthonormal basis of Rm and Xa,h, Ya,h ∈ R, there are r−1 point-wise linearly independent
vector fields given as follows. For p = 2,
[κr(e1e2)⊗ Idm]

 m∑
h=1
2[r/2]−1−1∑
a=0
Xa,h(ua + γr(ua))⊗ vh) + Ya,h(iua + γr(iua))⊗ vh)


=
m∑
h=1
2[r/2]−1−1∑
a=0
(−1)a0(−Ya,h(ua + γr(ua))⊗ vh) +Xa,h(iua + γr(iua))⊗ vh)).
For 3 ≤ p ≤ r − 1,
[κr(e1ep)⊗ Idm]

 m∑
h=1
2[r/2]−1−1∑
a=0
Xa,h(ua + γr(ua))⊗ vh) + Ya,h(iua + γr(iua))⊗ vh)


=
m∑
h=1
2[r/2]−1−1∑
a=0
(−1)2j−1+
∑j−2
s=0 as+aj−1(−2j+p+1)(Xa,h(i
1−pua+(−1)aj−12j−1+(−1)a0 + γr(i
1−pua+(−1)aj−12j−1+(−1)a0 ))⊗ vh)
−Ya,h(i−pua+(−1)aj−12j−1+(−1)a0 + γr(i−pua+(−1)aj−12j−1+(−1)a0 ))⊗ vh)
For p = r,
[κr(e1er)⊗ Idm]

 m∑
h=1
2[r/2]−1−1∑
a=0
Xa,h(ua + γr(ua))⊗ vh) + Ya,h(iua + γr(iua))⊗ vh)


=
m∑
h=1
2[r/2]−1−1∑
a=0
(−1)[r/2]+1+
∑[r/2]−1
l=0 al(Xa,h(ua+(−1)a0 + γr(ua+(−1)a0 ))⊗ vh)
+Ya,h(iua+(−1)a0 + γr(iua+(−1)a0 ))⊗ vh).
Case r ≡ 2, 4 (mod 8)
For any point Z ∈ S(∆˜r ⊗R Rm) = Sdrm if r ≡ 2 (mod 8) (resp. Z ∈ S(∆˜+r ⊗R Rm) = Sdrm if r ≡ 4 (mod 8)),
Z =
m∑
h=1
∑
{a=0,...,2r/2−1,
∑
al≡0 (mod2)}
Xa,h(ua ⊗ vh) + Ya,h(iua ⊗ vh),
where {v1, ..., vm} is an orthonormal basis of Rm and Xa,h, Ya,h ∈ R, there are r−1 point-wise linearly independent
vector fields given as follows. For p = 2,
[κr(e1e2)⊗ Idm]

 m∑
h=1
∑
{a=0,...,2r/2−1,
∑
al≡0 (mod2)}
Xa,h(ua ⊗ vh) + Ya,h(iua ⊗ vh)


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=m∑
h=1
∑
{a=0,...,2r/2−1,
∑
al≡0 (mod2)}
(−1)a0(−Ya,h(ua ⊗ vh) +Xa,h(iua ⊗ vh)).
For 3 ≤ p ≤ r,
[κr(e1ep)⊗ Idm]

 m∑
h=1
∑
{a=0,...,2r/2−1,
∑
al≡0 (mod2)}
Xa,h(ua ⊗ vh) + Ya,h(iua ⊗ vh)


=
m∑
h=1
∑
{a=0,...,2r/2−1,
∑
al≡0 (mod2)}
(−1)2j−1+
∑j−2
s=0 as+aj−1(−2j+p+1)(Xa,h(i
1−pua+(−1)aj−12j−1+(−1)a0 ⊗ vh)
−Ya,h(i−pua+(−1)aj−12j−1+(−1)a0 ⊗ vh)).
Example: Vector fields on S31
In this subsection, we compute explicitly a maximal set of orthogonal linearly independent vector fields on S31.
Recall that Cl010 is the biggest even Clifford algebra with R
32 as representation space, so there are 9 linearly
independent orthogonal vector fields on the sphere S31. Let Z ∈ S31, in terms of our basis
Z := (X0 + iY0)u0 + (X3 + iY3)u3 + (X5 + iY5)u5 + (X6 + iY6)u6 + (X9 + iY9)u9 + (X10 + iY10)u10
+(X12 + iY12)u12 + (X15 + iY15)u15 + (X17 + iY17)u17 + (X18 + iY18)u18 + (X20 + iY20)u20
+(X23 + iY23)u23 + (X24 + iY24)u24 + (X27 + iY27)u27 + (X29 + iY29)u29 + (X30 + iY30)u30
then a set of linearly independent orthogonal vector fields is given by
V1 = e1e2 · Z
= (iX0 − Y0)u0 + (−iX3 + Y3)u3 + (−iX5 + Y5)u5 + (iX6 − Y6)u6 + (−iX9 + Y9)u9 + (iX10 − Y10)u10
+(iX12 − Y12)u12 + (−iX15 + Y15)u15 + (−iX17 + Y17)u17 + (iX18 − Y18)u18 + (iX20 − Y20)u20
+(−iX23 + Y23)u23 + (iX24 − Y24)u24 + (−iX27 + Y27)u27 + (−iX29 + Y29)u29 + (iX30 − Y30)u30
V2 = e1e3 · Z
= (−X3 − iY3)u0 + (X0 + iY0)u3 + (X6 + iY6)u5 + (−X5 − iY5)u6 + (X10 + iY10)u9 + (−X9 − iY9)u10
+(−X15 − iY15)u12 + (X12 + iY12)u15 + (X18 + iY18)u17 + (−X17 − iY17)u18 + (−X23 − iY23)u20
+(X20 + iY20)u23 + (−X27 − iY27)u24 + (X24 + iY24)u27 + (X30 + iY30)u29 + (−X29 − iY29)u30
V3 = e1e4 · Z
= (−iX3 + Y3)u0 + (−iX0 + Y0)u3 + (iX6 − Y6)u5 + (iX5 − Y5)u6 + (iX10 − Y10)u9 + (iX9 − Y9)u10
+(−iX15 + Y15)u12 + (−iX12 + Y12)u15 + (iX18 − Y18)u17 + (iX17 − Y17)u18 + (−iX23 + Y23)u20
+(−iX20 + Y20)u23 + (−iX27 + Y27)u24 + (−iX24 + Y24)u27 + (iX30 − Y30)u29 + (iX29 − Y29)u30
V4 = e1e5 · Z
= (X5 + iY5)u0 + (X6 + iY6)u3 + (−X0 − iY0)u5 + (−X3 − iY3)u6 + (−X12 − iY12)u9 + (−X15 − iY15)u10
+(X9 + iY9)u12 + (X10 + iY10)u15 + (−X20 − iY20)u17 + (−X23 − iY23)u18 + (X17 + iY17)u20
+(X18 + iY18)u23 + (X29 + iY29)u24 + (X30 + iY30)u27 + (−X24 − iY24)u29 + (−X27 − iY27)u30
V5 = e1e6 · Z
= (iX5 − Y5)u0 + (iX6 − Y6)u3 + (iX0 − Y0)u5 + (iX3 − Y3)u6 + (−iX12 + Y12)u9 + (−iX15 + Y15)u10
+(−iX9 + Y9)u12 + (−iX10 + Y10)u15 + (−iX20 + Y20)u17 + (−iX23 + Y23)u18 + (−iX17 + Y17)u20
+(−iX18 + Y18)u23 + (iX29 − Y29)u24 + (iX30 − Y30)u27 + (iX24 − Y24)u29 + (iX27 − Y27)u30
V6 = e1e7 · Z
30
= (−X9 − iY9)u0 + (−X10 − iY10)u3 + (−X12 − iY12)u5 + (−X15 − iY15)u6 + (X0 + iY0)u9 + (X3 + iY3)u10
+(X5 + iY5)u12 + (X6 + iY6)u15 + (X24 + iY24)u17 + (X27 + iY27)u18 + (X29 + iY29)u20
+(X30 + iY30)u23 + (−X17 − iY17)u24 + (−X18 − iY18)u27 + (−X20 − iY20)u29 + (−X23 − iY23)u30
V7 = e1e8 · Z
= (−iX9 + Y9)u0 + (−iX10 + Y10)u3 + (−iX12 + Y12)u5 + (−iX15 + Y15)u6 + (−iX0 + Y0)u9 + (−iX3 + Y3)u10
+(−iX5 + Y5)u12 + (−iX6 + Y6)u15 + (iX24 − Y24)u17 + (iX27 − Y27)u18 + (iX29 − Y29)u20
+(iX30 − Y30)u23 + (iX17 − Y17)u24 + (iX18 − Y18)u27 + (iX20 − Y20)u29 + (iX23 − Y23)u30
V8 = e1e9 · Z
= (X17 + iY17)u0 + (X18 + iY18)u3 + (X20 + iY20)u5 + (X23 + iY23)u6 + (X24 + iY24)u9 + (X27 + iY27)u10
+(X29 + iY29)u12 + (X30 + iY30)u15 + (−X0 − iY0)u17 + (−X3 − iY3)u18 + (−X5 − iY5)u20
+(−X6 − iY6)u23 + (−X9 − iY9)u24 + (−X10 − iY10)u27 + (−X12 − iY12)u29 + (−X15 − iY15)u30
V9 = e1e10 · Z
= (iX17 − Y17)u0 + (iX18 − Y18)u3 + (iX20 − Y20)u5 + (iX23 − Y23)u6 + (iX24 − Y24)u9 + (iX27 − Y27)u10
+(iX29 − Y29)u12 + (iX30 − Y30)u15 + (iX0 − Y0)u17 + (iX3 − Y3)u18 + (iX5 − Y5)u20
+(iX6 − Y6)u23 + (iX9 − Y9)u24 + (iX10 − Y10)u27 + (iX12 − Y12)u29 + (iX15 − Y15)u30.
In terms of coordinate vectors, one can write these vector fields as follows
V1 = (−Y0, X0, Y3,−X3, Y5,−X5,−Y6, X6, Y9,−X9,−Y10, X10,−Y12, X12, Y15,
−X15, Y17,−X17,−Y18, X18,−Y20, X20, Y23,−X23,−Y24, X24, Y27,−X27, Y29,−X29,−Y30, X30),
V2 = (−X3,−Y3, X0, Y0, X6, Y6,−X5,−Y5, X10, Y10,−X9,−Y9,−X15,−Y15, X12, Y12,
X18, Y18,−X17,−Y17,−X23,−Y23, X20, Y20,−X27,−Y27, X24, Y24, X30, Y30,−X29,−Y29),
V3 = (Y3,−X3, Y0,−X0,−Y6, X6,−Y5, X5,−Y10, X10,−Y9, X9, Y15,−X15, Y12,−X12,
−Y18, X18,−Y17, X17, Y23,−X23, Y20,−X20, Y27,−X27, Y24,−X24,−Y30, X30,−Y29, X29),
V4 = (X5, Y5, X6, Y6,−X0,−Y0,−X3,−Y3,−X12,−Y12,−X15,−Y15, X9, Y9, X10, Y10,
−X20,−Y20,−X23,−Y23, X17, Y17, X18, Y18, X29, Y29, X30, Y30,−X24,−Y24,−X27,−Y27),
V5 = (−Y5, X5,−Y6, X6,−Y0,−X0,−Y3, X3, Y12,−X12, Y15,−X15, Y9,−X9, Y10,−X10,
Y20,−X20, Y23,−X23, Y17,−X17, Y18,−X18,−Y29, X29,−Y30, X30,−Y24, X24,−Y27, X27)),
V6 = (−X9,−Y9,−X10,−Y10,−X12,−Y12,−X15, Y15, X0, Y0, X3, Y3, X5, Y5, X6, Y6,
X24, Y24, X27, Y27, X29, Y29, X30, Y30,−X17,−Y17,−X18,−Y18,−X20,−Y20,−X23,−Y23),
V7 = (Y9,−X9, Y10,−X10, Y12,−X12, Y15,−X15, Y0,−X0, Y3,−X3, Y5,−X5, Y6,−X6,
−Y24, X24,−Y27, X27,−Y29, X29,−Y30, X30,−Y17, X17,−Y18, X18,−Y20, X20,−Y23, X23),
V8 = (X17, Y17, X18, Y18, X20, Y20, X23, Y23, X24, Y24, X27, Y27, X29, Y29, X30, Y30,
−X0,−Y0,−X3,−Y3,−X5,−Y5,−X6,−Y6,−X9,−Y9,−X10,−Y10,−X12,−Y12,−X15,−Y15),
V9 = (−Y17, X17,−Y18, X18,−Y20, X20,−Y23, X23,−Y24, X24,−Y27, X27,−Y29, X29,−Y30, X30,
−Y0, X0,−Y3, X3,−Y5, X5,−Y6, X6,−Y9, X9,−Y10, X10,−Y12, X12,−Y15, X15).
Relabelling the entries of Z,
Z := (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v12, v13, v14, v15, v16,
v17, v18, v19, v20, v21, v22, v23, v24, v25, v26, v27, v28, v29, v30, v31, v32),
the vector fields are the following
V1 = (−v2, v1, v4,−v3, v6,−v5,−v8, v7, v10,−v9,−v12, v11,−v14, v13, v16,−v15,
v18,−v17,−v20, v19,−v22, v21, v24,−v23,−v26, v25, v28,−v27, v30,−v29,−v32, v31),
31
V2 = (−v3,−v4, v1, v2, v7, v8,−v5,−v6, v11, v12,−v9,−v10,−v15,−v16, v13, v14,
v19, v20,−v17,−v18,−v23,−v24, v21, v22,−v27,−v28, v25, v26, v31, v32,−v29,−v30),
V3 = (v4,−v3, v2,−v1,−v8, v7,−v6, v5,−v12, v11,−v10, v9, v16,−v15, v14,−v13,
−v20, v19,−v18, v17, v24,−v23, v22,−v21, v28,−v27, v26,−v25,−v32, v31,−v30, v29),
V4 = (v5, v6, v7, v8,−v1,−v2,−v3,−v4,−v13,−v14,−v15,−v16, v9, v10, v11, v12,
−v21,−v22,−v23,−v24, v17, v18, v19, v20, v29, v30, v31, v32,−v25,−v26,−v27,−v28),
V5 = (−v6, v5,−v8, v7,−v2,−v1,−v4, v3, v14,−v13, v16,−v15, v10,−v9, v12,−v11,
v22,−v21, v24,−v23, v18,−v17, v20,−v19,−v30, v29,−v32, v31,−v26, v25,−v28, v27),
V6 = (−v9,−v10,−v11,−v12,−v13,−v14,−v15, v16, v1, v2, v3, v4, v5, v6, v7, v8,
v25, v26, v27, v28, v29, v30, v31, v32,−v17,−v18,−v19,−v20,−v21,−v22,−v23,−v24),
V7 = (v10,−v9, v12,−v11, v14,−v13, v16,−v15, v2,−v1, v4,−v3, v6,−v5, v8,−v7,
−v26, v25,−v28, v27,−v30, v29,−v32, v31,−v18, v17,−v20, v19,−v22, v21,−v24, v23),
V8 = (v17, v18, v19, v20, v21, v22, v23, v24, v25, v26, v27, v28, v29, v30, v31, v32,
−v1,−v2,−v3,−v4,−v5,−v6,−v7,−v8,−v9,−v10,−v11,−v12,−v13,−v14,−v15,−v16),
V9 = (−v18, v17,−v20, v19,−v22, v21,−v24, v23,−v26, v25,−v28, v27,−v30, v29,−v32, v31,
−v2, v1,−v4, v3,−v6, v5,−v8, v7,−v10, v9,−v12, v11,−v14, v13,−v16, v15).
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